
Supplementary appendices
B. Re�nements of sequential equilibrium

In this Appendix, I describe two re�nements of sequential equilibrium in the context of the bargaining game

studied in this paper: the Intuitive Criterion and the undefeated equilibrium. I focus on the model of Section

5 where the real asset is only traded in the PM.

A typical signaling game has the following structure. There are two players: a sender of information and

a receiver of information. In the context of the bargaining game in this paper, the sender is the buyer who

makes an o¤er and the receiver is the seller who accepts or rejects the o¤er. The timing of the game is:

1. Nature draws a type t for the sender according to some (commonly known) probability distribution

�(t). Here, the set of types is T = f`; hg and �(`) = �` and �(h) = �h.

2. The sender (buyer) privately observes the type t, and he sends an o¤er o to the receiver (seller). Here,

an o¤er is a triple (q; d; !) 2 R3+ where q is the output, d is the transfer of the real asset, and ! is the

amount of real balances.

3. The receiver observes the o¤er o and takes an action r. Here, the set of actions is fY;Ng. If r = Y

then the o¤er is accepted; If r = N then the o¤er is rejected.

The payo¤ of the buyer is U b(t; o; r) = �i! + [u(q)� ��td� !] Ifr=Y g. The payo¤ of the seller is

Us(t; o; r) = [�c(q) + ��td+ !] Ifr=Y g. After receiving the o¤er o, the seller forms a posterior probability

assessment over the set of types of the buyer, � (t jo ). The best response of the seller is

BR(�; o) = arg max
r2fY;Ng

X
t2f`;hg

� (t jo )Us(t; o; r):

In the context of the bargaining game, the best response of the seller can be reexpressed as

BR(�; o) = arg max
r2fY;Ng

�
[�c(q) + � [� (h jo )�h + � (` jo )�`] d+ !] Ifr=Y g

	
:

I adopt the tie-breaking rule according to which r = Y whenever BR(�; o) = fY;Ng.

The equilibrium concept for the extensive game with imperfect information is that of sequential equilib-

rium. It is a pair of strategies and a belief system with the following properties. Strategies are sequentially

51



rational: for each information set of each player i, the strategy of player i is a best response to the other

player�s strategy, given i0s belief at that information set.

Let o denote a strategy for a buyer. It is a mapping from the set of types to the set of feasible o¤ers. Let

r denotes a strategy for a seller. It is a mapping from the set of feasible o¤ers to the set fY;Ng. A (pure

strategy) sequential equilibrium is a pro�le of strategies (o�;r�) and a seller�s belief system, ��, such that

the following is true.

1. For all t 2 T , o�(t) 2 argmaxo0 U b(t; o0;r�(o0))

2. For all o, r�(o) 2BR(��(o); o)

3. �� satis�es Bayes�rule whenever possible (and is unconstrained for out-of-equilibrium o¤ers)

In the context of the bargaining game studied in this paper, the buyer�s strategy can be simpli�ed by

noticing the following. First, U b(t; o0;r�(o0)) � 0 for all o0 such that r�(o0) = fNg. Second, from the tie-

breaking rule, U b(t; o0;r�(o0)) = 0 and r�(o0) = fY g for o0 = (0; 0; 0). Hence, with no loss, the buyer can

choose an o¤er among those that are accepted by sellers, i.e.,

o�(t) 2 argmax
o0

U b(t; o0; Y ) s.t. fY g 2 BR(��(o0); o0):

The buyer�s problem becomes then (19)-(20).

The Intuitive Criterion

The Cho-Kreps (1987) re�nement is based on the (intuitive) idea that out-of-equilibrium actions should

never be attributed to a type who would not bene�t from it under any circumstances. For a subset K � T ,

let BR(K; o) denote the set of best responses for the seller to beliefs concentrated on K, i.e.,

BR(K; o) =
[

f�:�(K)=1g

BR(�; o):

Suppose K = T = f`; hg. Then,

BR(T; o) = fY g if � c(q) + ��`d+ ! > 0

= fNg if � c(q) + �d�h + ! < 0

= fY;Ng otherwise.
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Consider a proposed equilibrium where the payo¤ of a buyer of type t is denoted U�t . According to Cho

and Kreps (1987, p.202), this proposed equilibrium fails the Intuitive Criterion if there exists an unsent o¤er

o0 such that:

1. U�` > maxr2BR(f`;hg;o0) U
b(`; o0; r)

2. U�h < minr2BR(fhg;o0) U
b(h; o0; r)

According to the �rst requirement, the unsent o¤er o0 would reduce the payo¤ of the `�type buyer

compared to his equilibrium payo¤ irrespective of the inference the seller draws from o0. Consequently, the

seller should attribute the o¤er o0 to an h�type buyer. If he does so, the second requirement speci�es that

the h�type buyer should obtain a higher utility with o0 compare to his equilibrium payo¤.

In the bargaining game, the buyer�s equilibrium payo¤ is bounded below by 0. Hence, the second

requirement implies minr2BR(fhg;o0) U b(h; o0; r) > 0, which requires fY g 2 BR(fhg; o0) (where I am making

use of the tie-breaking rule). Since fY g 2 BR(f`; hg; o0), the �rst requirement becomes U�` > U b(`; o0; Y ).

To summarize, a proposed equilibrium fails the Intuitive Criterion if there is an out-of-equilibrium o¤er that

satis�es (61)-(63).

Undefeated sequential equilibria

Mailath, Okuno-Fujiwara and Postlewaite (1993) criticized the logical foundations of re�nements based

on forward induction (such as the Intuitive Criterion). They argue that it is di¢ cult to interpret out-of-

equilibrium messages as signals. For instance, consider a sequential equilibrium of the bargaining game that

is pooling. It has been shown that an h�type buyer could make an out-of-equilibrium o¤er that would

make him better-o¤ and that would hurt an `�type buyer. (See Lemma 1.) By making such an o¤er the

h�type buyer hopes to convince the seller that he is an h�type. But if the seller �nds the Intuitive Criterion

appealing he knows that the h�type buyer will alter his o¤er, and hence he should update his belief about the

buyer�s type if he does send the equilibrium message. �But if the (seller) does this, in the determination of

whether a particular type might bene�t from sending some disequilibrium message, the relevant comparison

is not with the utility that he would receive in the proposed equilibrium but rather the utility that he would

receive given that (the seller) is thinking in this way�. (Mailath, Okuno-Fujiwara and Postlewaite, 1993,

p.250.) They introduce a new re�nement, based on the notion of undefeated equilibrium, that takes care of

some of these concerns.
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An equilibrium is composed of a strategy for buyers, o, that speci�es an o¤er for each type, an acceptance

rule for sellers, r, and a belief system for sellers, �. According to Mailath, Okuno-Fujiwara and Postlewaite

(1993, p.254, De�nition 2) an equilibrium (o�;r�; �0) defeats (o;r; �) if there exists an o¤er o0 such that:

1. For all t, o(t) 6= o0 and K � ft 2 T jo0(t) = o0 g 6= ?

2. For all t 2 K, U b [t; o0;r0(o0)] � U b [t;o(t);r(o(t))] with a strict inequality for one t in K

3. �(t jo0 ) 6= p(t)�(t)=
X
t0

p(t0)�(t0) for at least one t in K where p(t) = 1 if t 2 K and U b [t; o0;r0(o0)] >

U b [t;o(t);r(o(t))] and p(t) = 0 if t =2 K.

So, for a sequential equilibrium to be defeated there must exist an out-of-equilibrium o¤er that is used

in an alternative sequential equilibrium by a subset K of buyers� types (requirement 1). For all buyers

with types in K, their payo¤ at the alternative equilibrium must be greater than the one at the proposed

equilibrium with a strict inequality for at least one type (requirement 2). Finally, the belief system in

the proposed equilibrium does not update sellers�prior belief conditional on the buyer�s type being in K

(requirement 3).
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C. Undefeated monetary equilibria

The Intuitive Criterion is based on the simple idea that one should not attribute an out-of-equilibrium action

to a type that would not bene�t from it under any circumstances. While it is an intuitive re�nement, its

logic as well as some of the properties of the equilibria it selects have not stayed unchallenged.41 Mailath,

Okuno-Fujiwara and Postlewaite (1993) introduced an alternative re�nement, undefeated equilibria, which

addresses some of the shortcomings of re�nements based on forward induction. In this section, I check the

robustness of the results by investigating the conditions under which the equilibrium selected by the Intuitive

Criterion is undefeated.42 I focus on the model in Section 5 where the real asset is only traded in the PM.

The idea of an undefeated equilibrium is as follows. Consider a proposed sequential equilibrium and an

out-of-equilibrium o¤er ~o. Suppose there is an alternative sequential equilibrium in which a subset of buyers�

types choose ~o. Moreover, those buyers prefer the alternative equilibrium to the proposed equilibrium. The

test requires seller�s beliefs at that action in the original equilibrium to be consistent with the set of buyers

who would bene�t from the out-of-equilibrium o¤er ~o (see the Appendix B for a formal de�nition). If the

beliefs are not consistent, the second equilibrium defeats the proposed equilibrium.

In the following the attention will be restricted to symmetric equilibria in pure strategies.

Lemma 8 The separating equilibrium that satis�es the Intuitive Criterion is the only undefeated equilibrium

if

�U bh � �(1 + i)!p + u(qp)� ��hdp < U bh � �(1 + i)!h + u(qh)� ��hdh; (75)

where (qh; dh; !h) is the solution to (24)-(26) and

(qp; dp; !p) = arg max
!;q;d�A

f�(1 + i)! + u(q)� ��hdg (76)

s.t. � c(q) + � (�h�h + �`�`) d+ ! = 0; (77)

Conversely, if �U bh > U bh then there is an undefeated equilibrium and it is pooling.

41One of the most problematic aspect of the equilibrium selected by the Intuitive Criterion might be its lack of continuity
with respect to perturbations of the prior beliefs. In particular, the equilibrium obtained by taking the limit as �` goes to 0
does not approach the complete information equilibrium.

42As Mailath, Okuno-Fujiwara and Postlewaite (1993, p.265) put it,

�[T]here is no reason that di¤erent re�nements shouldn�t be employed in the analysis of a single game. Various
implausibilities may be exhibited in di¤erent equilibria of a game, and hence, considering di¤erent re�nements of
the equilibrium set for a single game is like looking at the game from di¤erent vantage points�.
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Proof. First, I establish that among the separating sequential equilibria, the only one that can be unde-

feated is the one that satis�es the Intuitive Criterion. Consider a sequential equilibrium that is separating

and denote Û bh the payo¤ of the h�type buyer at this equilibrium. The o¤er of the `�type buyer is his

complete information o¤er, (q`; d`; !`). Suppose that the o¤er (q̂h; d̂h; !̂h) of the h�type at the proposed

equilibrium is di¤erent from (qh; dh; !h) that solves (24)-(26). Since (qh; dh; !h) is an o¤er made by the

h�type only, and Û bh < U bh, then the proposed equilibrium is defeated by the unique separating equilibrium

that satis�es the Intuitive Criterion.

Second, suppose (75) holds. Since, from (76)-(77), �U bh is the highest payo¤ an h�type buyer can reach

at a pooling equilibrium, any pooling equilibrium is defeated by the Pareto-e¢ cient separating equilibrium.

Third, suppose that �U bh > U bh. The pooling equilibrium (q
p; dp; !p) defeats the Pareto-e¢ cient separating

equilibrium. To see this, notice that the h�type buyer strictly prefers the pooling equilibrium. Moreover,

the `�type buyer also prefers the pooling equilibrium, i.e.,

�(1 + i)!p + u(qp)� ��`dp > U(�`): (78)

Indeed, from (77) �c(qp) + ��hdp + !p > 0. Since the solution to (24)-(26) is such the seller�s participation

constraint and the `�type buyer incentive-compatibility constraint hold, �U bh > U bh implies that the incentive-

compatibility constraint is violated, and hence (78) holds. Finally, the pooling equilibrium (qp; dp; !p) is

undefeated among pooling equilibria because the payo¤ of the h�type is maximized. Hence, any out-of-

equilibrium o¤er that would correspond to a di¤erent pooling equilibrium can be attributed to an `�type

buyer (so that the payo¤ of the `�type buyer associated with this out-of-equilibrium o¤er would be no

greater than U(�`)).

De�ne the lexicographically maximum (Lex Max) pooling allocation as the solution to (76)-(77).43 (Notice

that the Lex Max pooling allocation corresponds to a sequential equilibrium if the payo¤ of the `�type buyer

is at least equal to his complete information payo¤.) The lexicographically maximum sequential equilibrium

(LMSE) corresponds to the Lex Max pooling allocation if �U bh � U bh, and to the separating equilibrium given

by the Intuitive Criterion otherwise.44 The LMSE is intuitively appealing because it corresponds to the

preferred sequential equilibrium of an h�type buyer. Lemma 8 shows that the LMSE is undefeated (Mailath
43Consider two sequential equilibria with the associated pro�le of payo¤s for the buyers (uh; u`) and (u0h; u

0
`). The �rst

equilibrium lexicographically dominates the second one if uh > u0h or uh = u
0
h and u` > u

0
`.

44A belief system consistent with the pooling outcome is as follows. For the equilibrium o¤er, the Bayes rule implies
�(qp; dp; !p) = �h. For all out-of-equilibrium o¤ers that generate a payo¤ to `�type buyers greater than U(�`) then � = 0.
For other out-of-equilibrium o¤ers, � = �h.
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et al., 1993, Theorem 1) and if it is completely separating, it is the only undefeated (pure strategy) sequential

equilibrium (Mailath et al., 1993, Theorem 2).

The determination of undefeated equilibria is illustrated in Figure 9 in the case without �at money. The

separating equilibrium is such that the `�type buyer gets his complete information payo¤ (the indi¤erence

curves Us` and U b` are tangent) and the trade in a match with an h�type buyers is such that both the

participation constraint of the seller and the incentive-compatibility condition for the `�type bind (Ush and

U b` intersect). The Lex Max pooling allocation is at the tangency point between the indi¤erence curve of the

seller given his prior belief, �Us, and the indi¤erence curve of an h�type buyer. If the utility of the h�type

buyer at separating equilibrium is greater than his utility at the pooling allocation, as in Figure 9, then the

separating equilibrium is undefeated.
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Figure 9: Undefeated equilibria

The next Lemma characterizes the Lex Max pooling allocation. Let qm(i) denote the value of q that

solves u0(q)=c0(q) = 1 + i.

Lemma 9 The Lex Max pooling allocation (q; d; !) that solves (76)-(77) is such that:

1. If i < �h=��� 1 then d = 0, q = qm(i) and ! = c(q).

2. If i = �h=��� 1 then qm(i) and ! + ���d = c(q).
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3. If i > �h=��� 1 then:

(a) If u0
�
c�1(���A)

�
=c0
�
c�1(���A)

�
� 1 + i then d = A, q = qm(i) and ! = c(q)� ���A.

(b) If u0
�
c�1(���A)

�
=c0
�
c�1(���A)

�
� �h=�� then u0(q) = �h

�� c
0(q), ! = 0 and d = c(q)=���.

(c) If u0
�
c�1(���A)

�
=c0
�
c�1(���A)

�
2 (�h=��; 1 + i) then q = c�1 (���A), ! = 0 and d = A.

Proof. Assume the constraint ! � 0 is not binding and substitute ! given by (77) into (76) to get

�U bh = max
q;0�d�A

fu(q)� (1 + i)c(q) + �d [(1 + i)��� �h]g

where �� = �h�h + �`�`. If i < �h=�� � 1 then d = 0, u0(q)=c0(q) = 1 + i and ! = c(q). This gives case 1 in

the Lemma. If i = �h=�� � 1 then u0(q)=c0(q) = 1 + i and ! + ���d = c(q) (the exact combination of ! and

d is indeterminate.) This gives case 2 in the Lemma. If i > �h=�� � 1 then d = A, u0(q)=c0(q) = 1 + i and

! = c(q)� ���A provided that u0(q)=c0(q) � 1+ i at q = c�1(���A), which guarantees that ! � 0. This gives

case 3(a) in the Lemma. Assume next that ! � 0 is binding. Then, from (76)-(77),

�U bh = max
0�d�A

�
u
�
c�1(���d)

�
� ��hd

�
:

If d � A does not bind then u0(q) = �h
�� c

0(q) and d = c(q)=���. The constraint d � A can then be reexpressed

as c(q) � ���A or u0
�
c�1(���A)

�
=c0
�
c�1(���A)

�
� �h=��. If d � A binds then q = c�1(���A). The constraint

! = 0 requires u0(q)=c0(q) � 1 + i. If c(q) � ���A then the condition holds if i � �h=�� � 1. If d � A binds

then u0(q)=c0(q) < 1 + i must be evaluated at q = c�1(���A). This gives cases 3(b) and 3(c) in the Lemma.

The pooling allocation is such that �at money is the only means of payment provided that the cost of

real balances is su¢ ciently low, i < �h=���1. Intuitively, if the two types of buyers are pooled in equilibrium

then the h�type buyer incurs a cost equal to (�h� ��)=�� per unit of the real asset he sells while the expected

cost of holding real balances is i. In contrast, in the separating equilibrium both types of buyers use the real

asset as means of payment. The quantities traded in the pooling monetary equilibrium are the same as the

ones that buyers would trade in a separating monetary equilibrium provided that both buyers hold money.

Proposition 8 There exists ��h 2 (0; 1) such that for all �h < ��h the only undefeated equilibrium is the (sep-

arating) equilibrium that satis�es the Intuitive Criterion whereas for all �h > ��h any undefeated equilibrium

is pooling.
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Proof. From (24)-(26) U bh, the utility of an h�type buyer at the separating equilibrium, is independent

of �h. From Lemma 9, �U bh, the utility of an h�type buyer at the Lex Max pooling allocation, is a continuous

and (weakly) increasing function of �h. It is strictly increasing provided that i > �h=��� 1, or equivalently,

�h >
�h�(1+i)�`
(1+i)(�h��`) , and it is constant otherwise.

If �h = 1 then (qp; dp; !p) solves (24) subject to (25) without (26) being imposed. From Lemma 4, (26)

is binding at the separating equilibrium. Hence, �U bh > U bh.

If �h = 0 then the problem (76)-(77) is analogous to (22) except from the fact that the objective of the

`�type buyer is replaced by the objective of the h�type buyer. Hence,

�(1 + i)!p + u (qp)� ��`dp � U(�`)

and (26) holds at (qp; dp; !p), with a strict inequality if dp = 0 since d` > 0. Moreover,

0 = �c(qp) + ��`dp + !p � �c(qp) + ��hdp + !p;

with a strict inequality if dp > 0. From Lemma 4, both (25) and (26) are binding at the optimum so that

�U bh < U bh. Consequently, there is a unique ��h 2 (0; 1) such that �U bh = U bh; for all �h > ��h, �U bh > U bh; for all

�h < ��h, �U bh < U bh.

The equilibrium that satis�es the Intuitive Criterion is the unique undefeated equilibrium provided that

the fraction of h�type buyers is not too large. Intuitively, h�type buyers face a trade-o¤ between the tight-

ness of the seller�s participation constraint and the tightness of the `�type buyer�s incentive-compatibility

constraint. If the fraction of `�type buyers is su¢ ciently small then h�type buyers cannot loosen much the

seller�s participation constraint by separating themselves from the `�type buyers, i.e., �`�` + �h�h is close

to �h. However, they would have to tighten signi�cantly the incentive-compatibility condition to separate

themselves from the `�type buyers. Hence, h�type buyers are happily pooled with `�type ones.

Next, I investigate how monetary policy a¤ects the set of undefeated equilibria.

Proposition 9 For all i < �h=���1, the unique undefeated equilibrium is the unique (separating) equilibrium

that satis�es the Intuitive Criterion.

Proof. Consider the pooling allocation in (76)-(77). From Lemma 9, for all i < �h=��� 1 then d = 0 and

�U bh(i) = �(1 + i)c [qm(i)] + u [qm(i)] :
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Moreover, d �U bh=di = �c [qm(i)] < 0. Consider next the Pareto-e¢ cient separating equilibrium. For all

i < i2(A), de�ned in the proof of Proposition 2,

U bh(i) = �(1 + i)c [qm(i)] + u [qm(i)] + i��hdh(i);

and U bh(i) = U bh[i2(A)] for all i > i2(A). Since dh(i) > 0 for all i > 0 then U bh(i) > �U bh(i) for all i < �h=��� 1

and the unique undefeated equilibrium is the separating equilibrium.

Provided that the cost of holding real balances is not too high, the unique undefeated equilibrium is

separating. Hence, the results in Section 5 are robust to the adoption of the alternative re�nement from

Mailath, Okuno-Fujiwara and Postlewaite (1993).

A second insights from Proposition 9 is that monetary policy can a¤ect the nature of the (undefeated)

equilibrium. Suppose that i is su¢ ciently large so that no monetary equilibrium exists. From Proposition 8,

provided that �h is su¢ ciently large, any undefeated equilibrium is pooling. Consider a reduction of the cost

of holding real balances. From Proposition 9, provided that i is su¢ ciently low, the unique undefeated equi-

librium is separating. Hence, the reduction of the money growth rate changes the nature of the equilibrium

from pooling to separating.45

45A similar result is found in Jafarey and Rupert (2001) where the nonmonetary equilibrium is always pooling while the
monetary equilibrium can be separating.
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D. Signaling with more than two types

This appendix shows the robustness of the results if one allows for more than two states for the dividend

of the real asset. In particular, there is a unique equilibrium of the bargaining game and it is separating. I

consider the version of the model in Section 5 where the real asset is only traded in the PM. I describe the

case where the set of buyers�is T = f1; :::;Kg with K � 3 and K is �nite. The dividend in the state k is �k

with 0 < �1 < �2 < ::: < �K . The measure of buyers of type k is �k.

In the PM the seller observes the o¤er (q; d; !) made by the buyer, and he forms a belief about the buyer�s

type. Denote �(q; d; !) the probability measure of the buyer�s type � conditional on the o¤er (q; d; !) being

made. Formally, Pr [k 2 S] =
R
ISd�(q; d; !) where IS(k) is an indicator function that is equal to 1 if k 2 S.

Consider a sequential equilibrium and let U bk denote the payo¤ of a buyer of type �k. The proposed

equilibrium fails the Intuitive Criterion (Cho and Kreps, 1987, p.202) if there is an unsent o¤er (~q; ~d; ~!) and

a set of types S � T such that

�(1 + i)~! + u (~q)� ��k ~d < U bk 8k 2 S (79)

�(1 + i)~! + u (~q)� ��k ~d > U bk for some k 2 TnS (80)

�c(~q) + ~! + E~� [�k]� ~d � 0 8~� : supp(~�) � TnS: (81)

According to (79), the unsent o¤er makes buyers with types included in S strictly worse o¤ compared to

their equilibrium payo¤. According to (80), it makes at least one buyer with type included in TnS strictly

better o¤. According to (81) the o¤er is acceptable for any belief system that puts no weight on the types

in S.

The next lemma shows that there is no o¤er involving a transfer of the real asset that is pooling.

Lemma 10 In any equilibrium, there is no pooling o¤er such that d > 0.

Proof. Suppose there is an equilibrium where a subset �T � T of buyers�types (with at least two distinct

elements) make the same o¤er (�q; �d; �!) with �d > 0. Hence, the equilibrium payo¤s are

U bk � �(1 + i)�! + u (�q)� ��k �d; 8k 2 �T:

This o¤er satis�es the seller�s participation constraint. Hence,

�c(�q) + E�(�q; �d;�!) [�]� �d+ �! � 0; (82)
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where �(�q; �d; �!) is determined by Bayes�rule.46 Let k = max �T and k0 = max �Tnfkg. Suppose that a k�type

buyer deviates and o¤ers (~q; ~d; ~!) such that ~! = �!, ~d = �d� " where " 2
�
0; �d+ [�! � c(�q)] =��k

�
, and

�(1 + i)~! + u (~q)� ��k0 ~d < U bk0 (83)

�(1 + i)~! + u (~q)� ��k ~d > U bk ; (84)

or, equivalently,

�k0 <
u (�q)� u (~q)

�"
< �k: (85)

First, I establish that the set of o¤ers (~q; ~d; ~!) that satisfy the conditions above is not empty. Since,

from Bayes�rule E�(�q; �d;�!) [�] < �k, (82) implies c(�q) < ��k �d + �! and
�
0; �d+ [�! � c(�q)] =��k

�
is non-empty.

The requirement U bk � 0 (in any equilibrium the buyers�payo¤s are nonnegative since (q; d; !) = (0; 0; 0) is

always available) implies u (�q)� ��k �d� �! � 0 and hence

u (�q)

��k
� " � �d+

�!

��k
� " > 0

(since " < �d+ [�! � c(�q)] =��k.) So for any " 2
�
0; �d+ [�! � c(�q)] =��k

�
there is a ~q � 0 satisfying

u (�q)� �"�k < u (~q) < u (�q)� �"�k0

and hence (85).

Second, I show that

�(1 + i)~! + u (~q)� ��k00 ~d < U bk00 8k00 < k0: (86)

By incentive compatibility,

U bk00 � �(1 + i)�! + u (�q)� ��k00 �d:

From (85), u (�q) > u (~q) + �"�k > u(~q) + �"�k00 . Since ~! = �! and ~d = �d� ",

�(1 + i)~! + u (~q)� ��k00 ~d < �(1 + i)�! + u (�q)� ��k00 �d � U bk00 :

This proves (86).

Finally, I show that any o¤er (~q; ~d; ~!) disquali�es the proposed equilibrium according to the Intuitive

Criterion. From (83) and (86), the set of types S such that (79) is true is S � f�k00 : k00 � k0g. From
46 In any equilibrium buyers make an acceptable o¤er. Indeed, their payo¤s are bounded away from 0 since they can always

achieve maxq;! [�(1 + i)! + u (q)] s.t. c(q) = !.
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(84), the condition (80) is satis�ed for the buyer�s type k. The condition " < �d + [�! � c(�q)] =��k implies

c(�q) < ��k
�
�d� "

�
+ �!. From (85), �q > ~q. So,

c (~q) < ��k ~d+ �! � �E~�(~q; ~d;~!) [�] ~d+ �!

for any ~� such that supp~�(~q; ~d; ~!) � TnS, since TnS � fk; k+ 1; :::;Kg. Consequently, (81) is also satis�ed.

A buyer reveals his type through his equilibrium o¤er (unless d = 0 in which case the buyer�s private

information is irrelevant for the seller�s payo¤). Let (qk; !k; dk) indicate the o¤er made by a buyer of type k.

The next Lemma shows that the quantity of the asset transferred to the seller is a non-increasing function

of the buyer�s type. The proof of this result is based on incentive compatibility.

Lemma 11 If k > k0 then dk � dk0 .

Proof. Incentive-compatibility requires that for any two types k and k0,

U bk = �(1 + i)!k + u (qk)� ��kdk � �(1 + i)!k0 + u (qk0)� ��kdk0 : (87)

From (87), and interchanging k and k0, one can show that

�k0 (dk � dk0) � �k (dk � dk0) :

Hence, if k > k0 then dk � dk0 .

So, the result according to which buyers with a high type spend a smaller fraction of their real asset in

the PM than buyers with a low type is robust across mechanisms. The next proposition characterizes the

buyers�equilibrium o¤ers and payo¤s.

Proposition 10 The equilibrium o¤er of a �1�buyer is the solution to

U b1 = max
(q;d;!)

f�(1 + i)! + u (q)� ��1dg (88)

s.t. � c(q) + ! + ��1d = 0: (89)

The equilibrium o¤er of a �k�buyer, for k 2 f2; :::;Kg, solves

U bk = max
(q;d;!)

f�(1 + i)! + u (q)� ��kdg (90)

s.t. � c(q) + ! + ��kd � 0 (91)

�(1 + i)! + u (q)� ��k�1d � U bk�1: (92)
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Proof. The o¤ers f(qk; dk; !k)gKk=1 must be incentive-compatible, i.e.,

�(1 + i)!k + u (qk)� ��k0dk � U bk0 (93)

for all k; k0 2 T . First, I establish that (92) implies that the incentive-compatibility condition (93) holds for

all k0 < k and k � 2. From (92),

U bk � �(1 + i)!k + u (qk)� ��kdk � U bk�1 � �dk (�k � �k�1) ;

and, by successive iterations,

U bk � U bk�n �
kX

t=k�n+1
�dt (�t � �t�1) ; 8n = 1; ::; k � 1:

By de�nition of U bk ,

�(1 + i)!k + u (qk)� ��k�ndk = U bk � ��k�ndk + ��kdk

� U bk�n �
kX

t=k�n+1
�dt (�t � �t�1)� ��k�ndk + ��kdk:

Rearrange the sum on the right-hand side, and use an appropriate change of variable to obtain

�(1 + i)!k + u (qk)� ��k�ndk � U bk�n +
kX

t=k�n+1
� (dt � dt�1)�t�1 � ��k�n (dk � dk�n) :

Using the fact that dk � dk�n =
Pk

t=k�n+1 (dt � dt�1), the inequality becomes

�(1 + i)!k + u (qk)� ��k�ndk � U bk�n +
kX

t=k�n+1
� (dt � dt�1) (�t�1 � �k�n) :

From Lemma 11, (dt � dt�1) (�t�1 � �k�n) � 0 for all t 2 fk � n+ 1; :::; kg. Hence, �(1 + i)!k + u (qk) �

��k�ndk � U bk�n for all n = 1; ::; k � 1.

Next, I prove that the incentive-compatibility condition (93) holds for all k0 > k. The proof is by

induction. Suppose

�(1 + i)!k + u (qk)� ��k+ndk � Uk+n (94)

for n > 0. This inequality holds at n = 0. From (91),

�c(qk) + !k + ��k+n+1dk > �c(qk) + !k + ��kdk � 0: (95)
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From (94) and (95), (qk; dk; !k) satis�es (91)-(92) when k is replaced by k + n+ 1. Hence, one can deduce

from (90) that

�(1 + i)!k + u (qk)� ��k+n+1dk � U bk+n+1:

So, I have checked that the incentive-compatibility conditions hold for all k; k0. To show that (q1; !1; d1)

is the only possible o¤er for a �1�buyer notice from Lemma 10 that a buyer with the lowest type cannot

do better than his complete information payo¤ and this payo¤ is always achievable for any belief system �

(since E� [�] � �1).

Next, I show that the solution (qk; dk; !k) to (90)-(92) for k � 2 is the only one that can satisfy the

Intuitive Criterion. Suppose that the equilibrium payo¤ of a k�buyer is ~Uk < U bk . Replace U
b
k�1 in (92) by

U bk�1 � " for some " > 0 and denote

(q"k; d
"
k; !

"
k) = arg max

(q;d;!)
f�(1 + i)! + u (q)� ��kdg

s.t. � c(q) + ! + ��kd � 0

�(1 + i)! + u (q)� ��k�1d � U bk�1 � ":

Denote U"k the value to this problem. Since U
"
k is continuous in " there exists " > 0 such that ~Uk < U"k . By

an argument analogous to the one above,

�(1 + i)!"k + u (q"k)� ��k�nd"k < U bk�n, 8n = 1; ::; k � 1:

Moreover, if the support of the seller�s belief is restricted to fk; ::;Kg then E� [�] � �k and, from (91),

(q"k; d
"
k; !

"
k) is acceptable. So the proposed equilibrium violates the Intuitive Criterion.

Finally, I construct a belief system that generates f(qk; dk; !k)gKk=1 as the solution to the buyers�problems.

The belief system is such that
R
Ifkgd�(qk; dk; !k) = 1 from Bayes�rule. The beliefs for out-of-equilibrium

o¤ers are speci�ed as follows. All out-of-equilibrium o¤ers that generate a payo¤ strictly greater than U b1 to

a type-1 buyer are attributed to a �1�buyer. By construction these o¤ers are rejected by sellers. Among

the remaining o¤ers, all out-of-equilibrium o¤ers that generate a payo¤ strictly greater than U b2 to a type-2

buyer are attributed to a type-2 buyer. These o¤ers satisfy (92) for k = 2. Hence, they must violate (91)

and, as a consequence, they are rejected by sellers. And so on. The out-of-equilibrium o¤ers that make all

players worse-o¤ are attributed to the highest type.
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The buyer with the lowest type makes his complete information o¤er. Buyers of type k > 1maximize their

expected utility subject to the participation constraint of sellers and the incentive-compatibility condition

of buyers of type k � 1.

The problem (90)-(92) is formally identical to (24)-(26). One can make use of Lemma 4 to provide the

following characterization of the equilibrium o¤ers.

Lemma 12 For all i > 0 and all k 2 f2; :::;Kg, there is a unique solution (qk; dk; !k) to (90)-(92) and it

solves:

!k =
�k

nh
u (qk)� �`

�h
c(qk)

i
� U bk�1

o
(1 + i)�k � �k�1

(96)

dk =
U bk�1 � [u (qk)� (1 + i) c(qk)]

[(1 + i)�k � �k�1]�
(97)

and

u0 (qk)� (1 + i) c0(qk) � 0 �= � if !k > 0: (98)

Both the seller�s participation constraint (91) and the buyer�s incentive-compatibility condition (92) are

binding.

bU1

bU2

bU3

sU3

sU1
sU2

d

1d

1q2q3q

3d

2d

Figure 10: Equilibrium o¤ers (economy without �at money)

The determination of the equilibrium o¤ers is illustrated in Figure 10 in the case without �at money.

The indi¤erence curve of a seller matched with a buyer of type k is denoted Usk . The indi¤erence curve of a
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buyer of type k is denoted U bk . The sellers�indi¤erence curves go through the origin since their participation

constraints are binding. Assuming the constraint d � A is not binding, the terms of trade (q1; d1) are

determined at the tangency of the seller�s indi¤erence curve and the buyer�s indi¤erence curve. In matches

where the buyer�s type is k > 1 then the terms of trade (qk; dk) are at the intersection of the seller�s

indi¤erence curve, Usk , and the indi¤erence curve of the buyer of type k � 1, U bk�1.
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E. Asset pricing under symmetric information

In order to isolate the role of private information, I analyze in this Appendix the economy with symmetric

information: buyers and sellers in the PM have the same information about the future dividend of the asset.

Complete information

Consider a match in the PM between a buyer and a seller. The buyer holds ! real balances (expressed in

terms of their discounted value in the next AM) and a units of capital. The future dividend of each unit

of capital is � and it is common knowledge in the match. The strategy of a buyer in the PM is a triple

[q(!; a; �); d(!; a; �); �(!; a; �)] solution to

[q(!; a; �); d(!; a; �); �(!; a; �)] = argmax
q;�;d

�
u(q)� ��d� �



�

�
(99)

s.t. � c(q) + ��d+ �



� � 0; (100)

s.t.
�



� � !; d � a: (101)

If ��a + ! � c(q�) then the solution to (99)-(101) is q = q� and ��d + ! = c(q�). Otherwise, q =

c�1(��a + !), d = �a and ��=
 = !. Let denote Ŝ (��a+ !) = u(q) � c(q) the buyer�s surplus where

q = min
�
q�; c�1(��a+ !)

�
.

The buyer�s portfolio decision in the AM is:

max
!�0;a�0

n
�i! � (�� ���) a+ �hŜ(! + ��ha) + �`Ŝ(! + ��`a)

o
; (102)

where ����� in (102) represents the cost of investing in capital: it is equal to the price of capital in the AM

minus the discounted expected dividend in the subsequent AM.

The clearing condition for the market for capital goods requires the �xed capital stock to be held by

buyers, Z
j2B

a(j)dj = A: (103)

(Recall that sellers cannot produce in the AM and hence cannot acquire capital.)

An equilibrium is a list of portfolios, a pro�le of buyers�strategies in the PM, and the price of capital

that satisfy (99)-(103).

The following lemma characterizes the buyer�s portfolio choice.
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Lemma 13 Assume � > ���. If (�� ���) =��` 6= i or �`Ŝ
0
[�`c(q

�)=�h] < i then the buyer�s problem (102)

admits a unique solution. It satis�es

�i+ �hŜ
0
(! + ��ha) + �`Ŝ

0
(! + ��`a) � 0 �= � if ! > 0 (104)

� (�� ���) + �h��hŜ
0
(! + ��ha) + �`��`Ŝ

0
(! + ��`a) � 0 �= � if a > 0: (105)

If (�� ���) =��` = i and �`Ŝ
0
[�`c(q

�)=�h] � i then any (!; a) such that �`Ŝ
0
(!+��`a) = i and !+��ha �

c(q�) is solution to (102). If � = ��� then any (!; a) 2 f0g � [c(q�)=��`;1) is solution to (102). Finally, if

� < ��� then there is no solution to (102).

Proof. Since Ŝ 0(! + ��a) = u0(q)=c0(q) � 1, where q = min
�
q�; c�1(! + ��a)

�
, then Ŝ is concave and

the buyer�s problem (102) is concave as well. The �rst-order conditions (104) and (105) are then necessary

and su¢ cient. Three cases are distinguished.

(i) � > ���. The solution to (102) cannot be such that ! + ��`a > c(q�). Indeed, if ! + ��`a > c(q�)

then Ŝ 0(! + ��ha) = Ŝ 0(! + ��`a) = u0(q�)=c0(q�) � 1 = 0. But then (104)-(105) imply ! = a = 0. A

contradiction. So, one can restrict (!; a) to the compact set f(!; a) 2 R2+ : !+ ��`a � c(q�)g and from the

Theorem of the Maximum a solution to (102) exists. Next, I show that the problem (102) is strictly jointly

concave for all (!; a) such that ! + ��ha < c(q�). The Hessian matrix associated with (102) is

H =

 
�hŜ

00
h + �`Ŝ

00
` �h��hŜ

00
h + �`��`Ŝ

00
`

�h��hŜ
00
h + �`��`Ŝ

00
` �h (��h)

2 Ŝ 00h + �` (��`)
2 Ŝ 00`

!

where Ŝ 00h � Ŝ
00
(! + ��ha) and Ŝ

00
` � Ŝ

00
(! + ��`a). For all (!; a) such that ��ha+ ! � c(q�), Ŝ 00` < 0 and

Ŝ 00h < 0 and

jHj = (�h � �`)2 �h�`�2Ŝ
00
` Ŝ

00
h < 0:

So, H is negative de�nite and any solution to (104)-(105) such that !+��ha < c(q�) corresponds to a strict

local maximum and hence, from the concavity of the objective, it corresponds to the global maximum.

Suppose next that the solution is such that ! + ��ha � c(q�). From (104)-(105),

�`Ŝ
0
(! + ��`a) = min

�
i;
(�� ���)
��`

�
;

with ! = 0 if i > (�����)
��`

and a = 0 if i < (�����)
��`

. So the solution is unique provided that i 6= (�����)
��`

. If

i = (�����)
��`

then any pair (!; a) such that !+ ��ha � c(q�) and �`Ŝ
0
(!+ ��`a) = i is solution to (102). For

such pairs to exist, �`Ŝ
0 h �`
�h
c(q�)

i
� i.
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(ii) � = ���. The �rst-order condition for a requires Ŝ 0(! + ��ha) = Ŝ 0(! + ��`a) = 0 and hence any

a � [c(q�)� !] =��` is part of a solution. But then (104) implies ! = 0.

(iii) � < ��� then the �rst-order condition for a admits no solution.

The following proposition establishes the existence of an equilibrium and the uniqueness of the price of

capital and the allocation of the PM output conditional on the realization of �.47 Denote q` and qh the

output levels in the PM when � = �` and � = �h, respectively.

Proposition 11 There exists an equilibrium and (�; q`; qh) is uniquely determined. If A � c(q�)=��` then

the equilibrium is nonmonetary and � = ���. If A < c(q�)=��` then � > ��� and there is i0 > 0 such that for

all i < i0 an equilibrium is monetary.

Proof. The proof proceeds in four parts. It �rst characterizes the correspondence

Ad �
�Z

j2B
a(j)dj : a(j) solution to (102)

�
:

Second, it shows that � is uniquely determined. Third, it establishes that the PM output levels, q` and qh,

are unique. Finally, it determines the conditions �at money to be valued.

(i) Existence. Consider �rst the case � > ���. As shown in the proof of Lemma 13 (Part (i)), any solution

(!; a) to (102) lies in the compact set [0; c(q�)] � [0; c(q�)=��`]. Since the objective in (102) is continuous,

the Theorem of the Maximum guarantees that Ad(�) is nonempty and upper-hemi continuous. Since the

objective in (102) is concave, Ad(�) is convex-valued. From Lemma 13, Ad(���) = [c(q�)=��`;1). From

(104) and (105), it can be checked that Ad(�) = f0g for all � > ���+ i��h and Ad(�) = fag where a solves

�h��hŜ
0
(��ha) + �`��`Ŝ

0
(��`a) = �� ���

for all � < ���+ i��` (since ! = 0). Moreover, a! c(q�)=��` as �! ���. Hence, from this characterization

of Ad(�), there is a � 2 [���; ���+ i��`] such that A 2 Ad(�).

(ii) Uniqueness. In order to prove that � is uniquely determined, I show that any selection from Ad is

decreasing in �: if a1 2 Ad(�1) and a2 2 Ad(�2) for �2 > �1 then a2 < a1 unless a2 = a1 = 0. Consider

47Buyers�portfolios are not always uniquely determined. If (�� ���) =��` = i, and provided that Ŝ0(! + ��ha) = 0, real
balances and capital are perfect substitutes. If � = ��� then buyers hold any quantity of capital above the level that satiates
their liquidity needs in the PM, Ŝ0 = 0, and they hold no real balances.
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�2 > �1, and the associated portfolio choices (!1; a1) and (!2; a2). By revealed preferences,

��1a1 +	(!1; a1) � ��1a2 +	(!2; a2)

��2a2 +	(!2; a2) � ��2a1 +	(!1; a1);

where 	(!; a) � �i! + ���a+ �hŜ(! + ��ha) + �`Ŝ(! + ��`a). These last two inequalities yield

�1(a1 � a2) � 	(!1; a1)�	(!2; a2) � �2 (a1 � a2) :

Since �2 > �1 then a1 � a2. Suppose a1 = a2 > 0. From (105), !2 < !1 (where I have used that Ŝ
0
< 0 if

! + ��a < c(q�)). But then, from (104), !1 = 0. A contradiction.

(iii) The allocation (q`; qh). From (i) and (ii), there exists a unique � � ��� such that A 2 Ad(�). If

A � c(q�)=��` then � = ���. Since a � c(q�)=��` for all a 2 Ad(���) then qh = q` = q�. If A < c(q�)=��`

then, from Lemma 13, (!; a) is uniquely determined unless (�� ���) =��` = i and �`Ŝ
0
[�`c(q

�)=�h] � i in

which case q` = c�1
h
Ŝ 0�1(i=�`)

i
and qh = q�. (See proof of Lemma 13.) For given (!; a) the problem

(99)-(100) determines uniquely qh and q`.

(iv) Suppose an equilibrium is nonmonetary. Then, !(j) = 0 and a(j) is the unique solution to (105) for

all j 2 B. Hence, a(j) = A. From (104) ! = 0 requires

�i+ �hŜ
0
(��hA) + �`Ŝ

0
(��`A) � 0:

De�ne i0 = �hŜ
0
(��hA) + �`Ŝ

0
(��`A). By the contrapositive, if i < i0 then the equilibrium is monetary.

Provided that ��`A < c(q�), Ŝ 0(��`A) > 0 and i0 > 0. Finally, if ��`A � c(q�) then � = ��� and ! = 0.

If the economy-wide capital stock is large enough to allow agents to trade q� in the PM for the lowest

realization of � then �at money is not valued.48 If the aggregate capital stock is too low relative to agents�

liquidity needs (in terms of means of payment) then the price of capital increases above its fundamental

value and �at money can be valued provided that i is su¢ ciently low.

The expression for the price of capital in equilibrium is obtained from (102) by taking the �rst order

condition for a, i.e.,

� = ���+ �h��h

�
u0(qh)

c0(qh)
� 1
�
+ �`��`

�
u0(q`)

c0(q`)
� 1
�
: (106)

48This result is in accordance with Lagos and Rocheteau (2006) who show that money is useful in the presence of capital in
the Lagos-Wright environment if the �rst-best level of capital stock provides enough wealth for agents to trade in the PM, i.e.,
there is no shortage of capital to be used as means of payment.
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It has two components. The �rst component is its fundamental value, ���. The second component is the

liquidity value of capital in the PM, the last two terms on the right-hand side of (106). This liquidity value

arises because capital can help relaxing buyers�budget constraint in a bilateral match.

To see how monetary policy can a¤ect asset prices, take the �rst-order condition of (102) with respect to

!, and assume that the solution is interior (so that �at money is valued),

i = �h

�
u0(qh)

c0(qh)
� 1
�
+ �`

�
u0(q`)

c0(q`)
� 1
�
: (107)

As the cost of holding �at money increases the marginal liquidity of wealth in the PM increases, which in

turn raises �.

The next proposition compares the (gross) rates of return of money and capital, Rm = 
�1 and Ra = ��=�,

respectively. Let � denote the covariance between the return of capital, �, and the marginal return of wealth

in the PM, [u0(q)=c0(q)� 1], i.e.,

� = �h (�h � ��)
�
u0(qh)

c0(qh)
� 1
�
+ �` (�` � ��)

�
u0(q`)

c0(q`)
� 1
�
: (108)

Proposition 12 In any monetary equilibrium,

Ra = 
�1
�

�

��(1 + i)
+ 1

��1
> Rm: (109)

Proof. The expression for � given by (106) can be rearranged as

� = �

�
��(1 + i) + �h (�h � ��)

�
u0(qh)

c0(qh)
� 1
�
+ �` (�` � ��)

�
u0(q`)

c0(q`)
� 1
��

: (110)

where I have used the fact that, from (104), i =
n
�h

h
u0(qh)
c0(qh)

� 1
i
+ �`

h
u0(q`)
c0(q`)

� 1
io

in any monetary equi-

librium. Substitute � by its expression given by (108) into (110) to get

� = �(1 + i)��

�
�

��(1 + i)
+ 1

�
:

Divide by �� and use the de�nition 
 = �(1 + i) to get (109). In order to show that Ra > Rm it is enough

to establish that � < 0. Notice that �h (�h � ��) + �` (�` � ��) = 0. From (104), and since Ŝ 00(��a+ !) < 0

whenever Ŝ 0(��a+ !) > 0, in any monetary equilibrium 0 � Ŝ 0(��ha+ !) < Ŝ 0(��`a+ !). Since u0(qh)
c0(qh)

<

u0(q`)
c0(q`)

then

�h (�h � ��)
�
u0(qh)

c0(qh)
� 1
�
< ��` (�` � ��)

�
u0(q`)

c0(q`)
� 1
�
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and � < 0.

Capital has a higher rate of return than �at money in any monetary equilibrium. This result holds even

though agents are risk-neutral with respect to their AM consumption. This rate-of-return di¤erential arises

because capital is used as a means of payment in the PM where individuals are risk-averse. Capital yields a

high dividend in matches when the marginal value of wealth in the PM is low, and a low dividend in matches

where the marginal value of wealth is high.49 In contrast, the value of money is constant and uncorrelated

with the marginal utility of wealth in the PM. Finally, as �h��` ! 0 then �! 0 and Ra = 
�1, i.e., money

and capital have the same rate of return.

Incomplete information

I now describe succinctly the case where both buyers and sellers are uninformed about the future value of

�. Buyers choose their portfolios in order to maximize �i! � (�� ���) a + Ŝ(! + ���a). If A < c(q�)=���

then � > ��� and there is i0 > 0 such that for all i < i0 an equilibrium is monetary. Moreover, if a monetary

equilibrium exists then � = ���(1+ i) and 1+ i = u0(q)=c0(q) where q is the quantity produced and consumed

in bilateral matches in the PM. In this case, Ra = Rm, i.e., �at money and capital have the same rate of

return.

49This result is analogous to the one in Lagos (2006) who �nds that even in the absence of legal restrictions on the use of
assets as means of payment his model can be consistent with an equity-premium puzzle, i.e., a too large return di¤erential
between bonds and equity.
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F. Endogenizing sellers�portfolio choices

This appendix considers the model in Section 6 where both the real asset and �at money are traded in the

AM, and it relaxes the assumption that sellers cannot produce in the AM (and hence cannot accumulate

assets.) The utility function of a seller becomes

Ust = �`t � c(qt) + �xt+1

where `t 2 R+ is the disutility of e¤ort of the seller. The production technology in the AM is linear (yt = `t).

I assume that both the buyer�s and the seller�s portfolios are common knowledge in a match in the PM, and

I maintain the assumption that buyers have some private information about the future value of the dividend.

Consider �rst the bargaining problem in the PM. The buyer�s portfolio is denoted by
�
!b; ab

�
while the

seller�s portfolio is (!s; as). The o¤er made by a buyer with private information �j 2 f�`; �hg solves:

max
q;d;�

�
u(q)� ��jd�

�



�

�
(111)

s.t. � c(q) + �(q; d; �)��hd+ [1� �(q; d; �)]��`d+
�



� � 0 (112)

�!s � �



� � !b; �as � d � ab: (113)

The novelty with respect to the model in Section 6 is the constraint (113) according to which the seller holds

some assets, which he can transfer to the buyer.

The following Lemma rules out pooling o¤ers.

Lemma 14 In equilibrium, there is no pooling o¤er such that d 6= 0.

Proof. Suppose �rst that there is a pooling o¤er (�q; �d; ��) such that �d > 0. One can follow the proof

of Lemma 5 to show that such an equilibrium would violate the Intuitive Criterion. Suppose next that the

pooling o¤er is such that �d < 0, i.e., the seller transfers some of his real asset to the buyer. The participation

constraint of the seller implies �� > 0. Since �d < 0 and �(�q; �d; ��) 2 (0; 1) then

�c(�q) + �(�q; �d; ��)��h �d+
�
1� �(�q; �d; ��)

�
��` �d+

�



�� < �c(�q) + ��` �d+

�



�� :

Hence, a necessary condition for the pooling o¤er (�q; �d; ��) to be acceptable is

�c(�q) + ��` �d+
�



�� > 0:
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I will establish that there is an unsent o¤er (~q; ~d; ~�) such that

u(~q)� ��h ~d�
�



~� < �Sh (114)

u(~q)� ��` ~d�
�



~� > �S` (115)

�c(~q) + ��` ~d+
�



~� � 0; (116)

where �Sh � u(�q)���h �d� �

 �� and

�S` � u(�q)���` �d� �

 �� . According to (114), the o¤er (~q;

~d; ~�) would make

a buyer in the high-dividend state worse-o¤ relative to his equilibrium payo¤; from (115), it would make a

buyer in the low-dividend state better o¤; from (116), it would be accepted by sellers provided that they

believe that � = �`. If one can �nd such an o¤er then the proposed equilibrium fails the Intuitive Criterion.

Consider an out-of-equilibrium o¤er such that ~q = �q and ~d = �d + " where " > 0. The conditions (114)

and (115) imply

�` <
�� � ~�
"


< �h: (117)

The condition (116) requires then

�"

��
�� � ~�

"

�
� �`

�
� �c(�q) + ��` �d+

�



�� : (118)

From (117),

�"

��
�� � ~�

"

�
� �`

�
< �"(�h � �`):

Hence, for any " > 0 such that " �
h
�c(�q) + ��` �d+ �


 ��
i
=�(�h � �`) the inequality (118) is satis�ed. For

any ", one can �nd ~� such that (117) holds. Provided that " is su¢ ciently small, the o¤er (~q; ~d; ~�) is feasible.

Consequently, the proposed equilibrium with the pooling o¤er (�q; �d; ��) violates the Intuitive Criterion.

From Lemma 14, the o¤er made by a buyer in the low-dividend state must satisfy �c(q)+��`d+ �

 � � 0.

Hence, the buyer�s payo¤ in the low-dividend state is bounded above by his complete information payo¤.

The complete information o¤er solves

(q`; d`; � `) = argmax
q;d;�

�
u(q)� ��`d�

�



�

�
s.t. � c(q) + ��`d+

�



� � 0

�!s � �



� � !b; �as � d � ab:
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The solution is q` = q� and ��`d` +
�

 � ` = c(q�) if ��`ab + !b � c(q�). Otherwise, �
 � ` = !b, d` = ab

and c(q`) = ��`a
b + !b. Hence, there is always a complete-information o¤er such that d` � 0. Since

�(q; d; �)��hd + [1� �(q; d; �)]��`d � ��`d for all d � 0, the complete information o¤er is acceptable for

any belief system.

Consider next the o¤er made by a buyer in the high-dividend state. From Lemma 14, it satis�es �c(q)+

��hd+
�

 � � 0. If !

b � c(q�) then the buyer can achieve his complete-information payo¤ by o¤ering qh = q�,

dh = 0 and
�

 �h = c(q�). Provided that !b < c(q�), the buyer cannot make the complete information o¤er

since otherwise it would be imitated by a buyer in the low-dividend state. In this case, the buyer makes

an o¤er that maximizes his payo¤ but that does not provide a buyer in the low-dividend state with strict

incentives to imitate it. So, the o¤er solves

(qh; dh; �h) = argmax
q;d;�

�
u(q)� ��hd�

�



�

�
s.t. � c(q) + ��hd+

�



� � 0

u(q)� ��`d�
�



� � �S`

�!s � �



� � !b; �as � d � ab:

The solution to this problem is similar to the one described in Lemma 6. The incentive-compatibility

constraint cannot be slack since otherwise (qh; dh; �h) would coincide with the complete information o¤er.

Suppose that the seller�s participation constraint is slack. Then, the incentive-compatibility constraint is

binding which implies

u(qh)� ��hdh �
�



�h = �S` � (�h � �`)�dh;

and hence

�Sh = � max
�as�d�ab

(�` � �h) d+ �S` = � (�h � �`) as + �S`:

The buyer asks for the whole stock of real assets held by the seller. Using the fact that dh = �as, the highest

achievable payo¤ for the buyer is

�Sh = max
q;d;�

[u(q)� z]

s.t. � c(q) + z � 0

�!s � ��has � z � !b � ��has:
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Provided that !b < c(q�) and ab > 0, it can be checked that �S` > �Sh which is a contradiction. So, the

seller�s participation constraint is binding.

Since sellers get no surplus in the PM trades, their problem in the AM is

max
!;a

f�i! � (�� ���) ag :

They accumulate no real balances (!s = 0), and they hold the real asset (as > 0) only if � = ���. Sellers

hold an asset only if it is priced at its fundamental value.
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G. Endogenous capital stock

The model of Section 6 can be readily extended to endogenize the quantity of real assets in the economy. I

lay down succinctly such an extension. The approach is similar to the one in Lagos and Rocheteau (2006).

Suppose that buyers can produce capital goods in the �rst period of their lives. The disutility cost to

produce a units of capital is  (a) with  (0) = 0,  0 > 0 and  00 > 0. Capital goods are one-period lived,

and they generate � 2 f�`; �hg units of AM-goods in the subsequent period.

The problem of a young buyer in the AM is

max
!;a

�
�i! �  (a) + �hSh(!; a) + �`S`(!; a) + ���a

	
:

The determination of the terms of trade in the PM is characterized by Lemmas 5 and 6. Following the

proof of Lemma 7, it can be shown that there is a unique solution (!; a) to the buyer�s problem, and hence

equilibrium is unique.

Let a� denote the socially e¢ cient level of capital, i.e., the solution to  0(a) = ���. If a� � c(q�)=��` then

a = a� and q` = q�. Buyers have enough wealth to buy the �rst best quantity of output in the low-dividend

state. A monetary equilibrium exists provided that i < i0(a
�) where i0 is de�ned by

i0 = �hS
h
!(0; a

�) = �h�(qh)

�
1� �`

�h

�
;

where qh is solution to (48)-(49) with ! = 0. So, in contrast to Lagos and Rocheteau (2006), there exists a

monetary equilibrium for any level of a�.

If a� < c(q�)=��` then there exists a threshold ~{ de�ned as

~{ = �hS
h
! (c(q

�)� ��`a�; a�)

such that if i > ~{ then a > a�. Buyers overaccumulate capital because of the liquidity services it provides

in the PM. Denote â the solution to  0(a) = �hS
h
a (0; a) + �`S

`
a(0; a) + ���. A monetary equilibrium exists

provided that i < i0(â) where

i0(â) = �hS
h
!(0; â) + �`S

`
!(0; â)

Following a similar argument as in Proposition 6, it can be shown that if a� < c(q�)=��` and i 2 (~{; i0(â))

then da=di > 0. An increase in in�ation induces buyers to accumulate more capital.
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Finally, the rate of return of capital is Ra = ��= 0(a). Following the proof of Proposition 7, it can be

shown that in any monetary equilibrium Ra > Rm, capital dominates �at money in its rate of return.

In contrast, in Lagos and Rocheteau (2006), �at money and capital have the same rate of return in any

monetary equilibrium. Moreover, if i < ~{ then  0(a) = ��� so that Ra = ��1, the rate of return of capital is

equal to the gross discount rate.
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